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An extended body orbiting a compact object undergoes tidal deformations by the background
gravitational field. Tidal invariants built up with the Riemann tensor and their derivatives evalu-
ated along the world line of the body are essential tools to investigate both geometrical and physical
properties of the tidal interaction. For example, one can determine the tidal potential in the neigh-
borhood of the body by constructing a body-fixed frame, which requires Fermi-type coordinates
attached to the body itself, the latter being in turn related to the spacetime metric and curvature
along the considered world line. Similarly, in an effective field theory description of extended bodies
finite size effects are taken into account by adding to the point mass action certain non-minimal
couplings which involve integrals of tidal invariants along the orbit of the body. In both cases such
a computation of tidal tensors is required. Here we consider the case of a spinning body also en-
dowed with a non-vanishing quadrupole moment in a Kerr spacetime. The structure of the body is
modeled by a multipolar expansion around the “center of mass line” according to the Mathisson-
Papapetrou-Dixon model truncated at the quadrupolar order. The quadrupole tensor is assumed
to be quadratic in spin, accounting for rotational deformations. The behavior of tidal invariants of
both electric and magnetic type is discussed in terms of gauge-invariant quantities when the body
is moving along a circular orbit as well as in the case of an arbitrary (equatorial) motion. The
analysis is completed by examining the associated eigenvalues and eigenvectors of the tidal tensors.
The limiting situation of the Schwarzschild solution is also explored both in the strong field regime
and in the weak field limit.
PACS numbers: 04.20.Cv
I. INTRODUCTION
Tidal interactions are expected to play a significant
role in driving the dynamics of binary systems. For in-
stance, gravitational waves emitted in the late stages of
coalescing neutron star binaries should contain an im-
print of the two-body tidal interaction. Several tech-
niques have been developed so far to study relativistic
tidal problems in the strong field regime at different lev-
els of approximation. In the last decade we have seen
the fruitful interaction of theoretical approaches, like the
post-Newtonian (PN) and post-Minkowskian approxima-
tions, the gravitational self-force (SF) and the effective
one-body (EOB) formalisms, besides the numerical rel-
ativity simulations [1–12]. Unfortunately, analyzing the
strong field aspects of the dynamics of compact binaries
is not an easy task, either from a theoretical point of view
or from a fully numerical one. The state-of-the-art of our
knowledge of tidal interactions in non-spinning compara-
ble mass binary systems is substantially limited to the
second PN approximation [13], while in the limiting sit-
uation of an extreme-mass-ratio binary systems Dolan et
al. [14] have obtained last year high-precision numerical
results in the framework of linear perturbation theory,
immediately followed by high-order PN accuracy theo-
retical computations by Bini and Damour [15–17] (up
to the 7.5PN level first, and later to 10.5PN), showing
helpful synergies between analytical and numerical ap-
proaches to this subject. Noticeably, very recently Ka-
vanagh, Ottewill and Wardell [18] as well as Johnson-
McDaniel, Shah and Whiting [19] have been able to raise
the PN precision of these computations to the level of
21.5PN. Finite size effects induced by the shape of the
bodies modify the dynamics of compact binary systems
starting at the 5PN level, and have a counterpart in the
notion of Love numbers (measuring the tidal polarizabil-
ity of the bodies) [20–23]. The case of tidal interactions
among spinning bodies has not received yet enough at-
tention in the literature, and is the object of the present
study.
When the mass of one body is much smaller than that
of its companion, its dynamics can be treated as the mo-
tion of an extended body in a given gravitational field
due to the body of higher mass. This is the case of
a star orbiting a compact object, which gets deformed
by the tidal field associated with their mutual interac-
tion [24–31]. Tidal effects can be studied by construct-
ing a body-fixed frame adapted to the timelike geodesic
path along with the (center of mass of the) star is as-
sumed to move under the action of a tidal potential, in
terms of Fermi-type coordinates. These coordinates are
related by definition to the background spacetime metric
and curvature tensor evaluated along the world line of
the body itself. Another approach consists in develop-
ing an effective field theory description of the extended
body. In this case finite size effects are taken into account
by adding to the point mass action certain non-minimal
couplings which involve integrals of tidal invariants per-
formed (again) along the path of the body. We stress that
in both cases the computation of tidal tensors is required
only along the body’s world line, whose knowledge should
be supplied as an additional information. This general
framework still holds in perturbation theory, where the
backreaction of the body on the background geometry is
2taken into account, as well as in the PN approximation.
We will adopt such an effective action description of tidal
effects to investigate the properties of tidal invariants as-
sociated with the world line of an extended body endowed
with both dipolar and quadrupolar structure moving in
the equatorial plane of a Kerr spacetime. We will focus
on quadratic and cubic invariants of both electric and
magnetic type, leaving for a future study more involved
ones, like differential invariants constructed from the co-
variant derivative of the curvature tensor.
Let us make more precise some notational aspect. The
masses of the two gravitationally interacting bodies are
denoted by m1 and m2, with the convention that m1 ≤
m2. The body of mass m1 is endowed with spin S1 and
that of mass m2 is endowed with spin S2. We define, in
a standard way, the total mass of the system (M), the
reduced mass (µ) and the symmetric mass-ratio (ν) as
M ≡ m1 +m2 , µ ≡ m1m2M ,
ν ≡ µM =
m1m2
(m1 +m2)2
. (1.1)
Other dimensionless mass ratios are often used, e.g.,
q ≡ m1
m2
≤ 1 , X1 ≡ m1M ≤
1
2
, X2 ≡ m2M = 1−X1 ,
(1.2)
with the links
X1 =
q
1 + q
, X2 =
1
1 + q
, ν = X1X2 =
q
(1 + q)2
.
(1.3)
In the limit of small mass-ratio (q ≪ 1), we have ν ≃
X1 ≃ q and X2 ≃ 1 − q. Finally, one usually defines
χ1,2 ≡ S1,2/m21,2 as the dimensionless spin variable asso-
ciated with each body. However, alternative definitions
for the dimensionless spin are also used in the literature,
e.g., S1,2/(m1m2) and S1,2/M2.
II. TIDAL INVARIANTS
In an effective field theory description of extended
objects, finite size effects are treated by increasing the
(leading-order) point-mass action [20]
S0 =
∫
d4x
c
c4
16πG
√−gR−
∑
A
∫
mAc
2dτA , (2.1)
by additional, non-minimal, couplings involving higher-
order derivatives of the field evaluated along the world
line of the body [32–39]. Here dτA = −(UA)µdyµA is
the (dimensionally regularized) proper time along the
world line yµA(τA) of body A, with 4-velocity U
µ
A =
dyµA/dτA. The body A feels the gravitational field of
the whole interacting N -body system, which can be de-
scribed by a suitably defined “external metric” [40–42].
Non-minimal couplings are expressed in terms of two
types of tidal tensors computed in this metric: the grav-
itoelectric GAL(τA) ≡ GAa1...al(τA), and gravitomagnetic
HAL (τA) ≡ HAa1...al(τA), symmetric trace-free (spatial)
tensors, together with their proper time derivatives. (The
spatial indices ai = 1, 2, 3 refer to body-fixed coordinates
XαA = (cτA, X
a
A), attached to body A.) In terms of these
tidal tensors, the most general world line action has the
form [41–44]
Snon−min =
∑
A
SAnon−min , (2.2)
with
SAnon−min =
1
4
µ
(2)
A
∫
dτAG
A
αβ G
αβ
A
+
1
6 c2
σ
(2)
A
∫
dτAH
A
αβ H
αβ
A
+
1
12
µ
(3)
A
∫
dτAG
A
αβγ G
αβγ
A
+
1
4 c2
µ
′(2)
A
∫
dτAG˙
A
αβG˙
αβ
A + . . . , (2.3)
where GAαβγ = Symαβγ (P (UA)
µ
α∇µRβργν)UρAUνA [with
P (UA) = g + UA ⊗ UA projecting orthogonally to UA,]
G˙αβA ≡ UµA∇µGAαβ , and µ(2)A , σ(2)A , µ(3)A , µ′(2)A are tidal
coefficients. Higher-order invariants involve higher-than-
quadratic tidal scalars, e.g., cubic in GAab∫
dτAG
A
abG
AbcGAc
a . (2.4)
As it follows from the above expressions, all these tidal
tensors should be then evaluated along the world line of
the body itself. This makes the problem more involved
than the computation of coordinate invariants (simply
built up through the spacetime metric), since the explicit
solution for the world line of the body is also needed.
We shall focus here on the simplest invariants associ-
ated with the quadrupolar electric-type and magnetic-
type tidal tensors Gab, Hab. The latter are related as
follows to the spatial components of the “electric” and
“magnetic” parts of the Riemann tensor (evaluated, with
dimensional regularization, along the considered world
line)
GAαβ ≡ −EAαβ(UA) , HAαβ ≡ 2 cBAαβ(UA) , (2.5)
where EAαβ(UA) and BAαβ(UA) are defined as
EAαβ(UA) = RαµβνUµAUνA ,
BAαβ(UA) = [R∗]αµβνUµAUνA , (2.6)
the symbol ∗ denoting the spacetime dual of a tensor,
as standard. Here, we are interested in the tidal invari-
ants of the body labeled 1 (with mass m1), member of
a binary system (i.e., N = 2). For ease of notation, we
shall henceforth often suppress the body label A = 1.
3Furthermore, we shall set G = c = 1. The associated
non-minimal world line action (2.3) thus writes as
S1non−min =
1
4
µ
(2)
1
∫
dτ1 TE(U1)
+
2
3
σ
(2)
1
∫
dτ1TB(U1)
+
1
12
µ
(3)
1
∫
dτ1 TG(U1)
+
1
4
µ
′(2)
1
∫
dτ1TG˙(U1) + . . . , (2.7)
where TE(U1) ≡ Tr [E(U1)]2, TB(U1) ≡ Tr [B(U1)]2,
TG(U1) ≡ G1αβγ Gαβγ1 , TG˙(U1) ≡ G˙1αβG˙αβ1 .1
The quadrupolar electric-type tidal tensor (2.5), in
non-spinning comparable mass binary systems, has been
computed to 1PN fractional accuracy in Refs. [43, 44]
(see also Refs. [45, 46] fore more details). Ref. [47] has
also computed to 1PN accuracy the octupolar electric-
type tidal tensor, Gabc, and the quadrupolar magnetic-
type tidal tensor Hab ∼ Bab. The significantly more in-
volved calculation of tidal effects, along general orbits,
but still in the case of non-spinning binary systems at
the 2PN fractional accuracy has been done in Ref. [13].
Let us quote the values of the 2PN-accurate tidal in-
variants computed in Ref. [13] for the simplest case of two
bodies moving along spatially circular orbits with (coor-
dinate time) constant angular velocity Ω,2 expressed in
a gauge-invariant way in terms of the symmetric, dimen-
sionless frequency parameter x = [(m1+m2)Ω]
2/3. They
can be cast in the following form [13]
M4TE(U1) = 6X22x6
[
1− 3x+ 3x2
(1− 3x)2 + (2X
2
1 −X1)x
+
(
5
3
X41 −X31 +
787
84
X21 +
1
4
X1
)
x2
+OX1(x
3)
]
,
M4TB(U1) = 18X22x7
[
1− 2x
(1− 3x)2 +
(
10
3
X21 − 2X1
)
x
+OX1(x
2)
]
, (2.8)
where the notationOa(x
n) denotes a term which vanishes
with a and which is O(xn). In addition, let us recall that
x is related to the body-dissymmetric (but SF motivated)
frequency parameter y = (m2Ω)
2/3 by x = (1 + q)2/3y.
We will evaluate below the tidal invariants TE(U1),
TB(U1) and Tr [E(U1)]3 along the world line L1 of the
smaller mass m1 with spin S1, which we will assume to
1 The quadratic tidal invariants of electric and magnetic type are
denoted in Ref. [15] by J1e2 and J1b2 , respectively.
2 The coordinate time angular velocity will be denoted by ζ in the
next section, leaving the notation Ω for the proper time angular
velocity.
be tidally deformed by its own spin. We will not con-
sider here more involved tidal invariants, like differential
invariants constructed from the covariant derivative of
the curvature tensor. The latter play a role, e.g., in the
context of the tidal interaction between ordinary stars
and compact objects orbiting a black hole analyzed by
using Fermi coordinate approximated tidal potentials, as
discussed in Ref. [31]. The basic assumption there is that
the presence of the star does not perturb the background
field, and it can be described as a self-gravitating Newto-
nian fluid, whose center of mass moves along a timelike
geodesic path. The tidal field due to the black hole is
then computed from the Riemann tensor in terms of the
geodesic deviation equation.
The tidal invariants defined above all have an intrinsic
observer-dependent meaning (see Eqs. (2.5) and (2.6)).
In previous papers we have investigated the role of the
observer measuring quadratic tidal invariants both in the
Kerr spacetime [48] and in the spacetime of a rotating
deformed mass [49]. We have considered there different
families of observers which have a special geometrical and
physical meaning as well as observers carrying an intrin-
sic spin. In particular, we have explored the family of
stationary circularly rotating observers in the equatorial
plane, including ZAMOs and geodesic observers, showing
that no observer within this family can measure a van-
ishing electric tidal indicator, whereas it is the family of
Carter’s observers that measures a zero magnetic one.
When the internal structure of the moving body is
taken into account, the tidal invariants will contain in-
formation about it. We will consider below an extended
body endowed with both dipolar and quadrupolar struc-
ture as described by the Mathisson-Papapetrou-Dixon
(MPD) model [50–57]. The quadrupole tensor will be as-
sumed to be spin-induced, i.e., proportional to the trace-
free part of the square of the spin tensor by a constant
parameter which is characteristic of the body under con-
sideration. For instance, for neutron stars it depends
on the equation of state [58]. We will consider the spe-
cial case of circular motion as well as quasi-circular or-
bits, i.e., orbits which deviate from the reference circular
geodesic motion due to both the spin-curvature force and
the quadrupolar force.
III. EQUATORIAL MOTION IN A KERR
SPACETIME
In standard Boyer-Lindquist coordinates the Kerr met-
ric writes as
ds2 = −
(
1− 2Mr
Σ
)
dt2 − 4aMr
Σ
sin2 θdtdφ
+
Σ
∆
dr2 +Σdθ2 +
Λ
Σ
sin2 θdφ2 , (3.1)
where ∆ = r2 − 2Mr + a2, Σ = r2 + a2 cos2 θ and
Λ = (r2 + a2)2 − ∆a2 sin2 θ. Here M and a ≤ M , as
4standard too, are the total mass and the specific angu-
lar momentum characterizing the spacetime. The event
horizons are located at r± =M ±
√
M2 − a2.
Introduce the zero angular momentum observer
(ZAMO) family of fiducial observers with 4-velocity n
orthogonal to the time coordinate hypersurfaces
n = N−1(∂t −Nφ∂φ) , (3.2)
where N = (−gtt)−1/2 = [∆Σ/Λ]1/2 and Nφ =
gtφ/gφφ = −2aMr/Λ are the lapse function and only
nonvanishing component of the shift vector field respec-
tively. The ZAMOs are accelerated and locally nonro-
tating in the sense that their vorticity vector vanishes;
they have also a nonzero expansion tensor. A suitable
orthonormal frame adapted to the ZAMOs is given by
etˆ = n , erˆ =
1√
grr
∂r ,
eθˆ =
1√
gθθ
∂θ , eφˆ =
1√
gφφ
∂φ . (3.3)
The electric and magnetic quadratic tidal invariants
introduced in the previous section are simply related by
[48]
TE(U)− TB(U) = 6M
2
r6
, (3.4)
where U denotes the unit tangent vector to a given world
line L. For instance, for ZAMOs (U = n) we find
TE(n) = 6M
2
r6
+ TB(n) ,
TB(n) = 18a
2M2
r8
(r2 + a2)2∆
(2a2M + r3 + a2r)2
. (3.5)
This invariance property has been proven in Ref. [48]
to hold for any given family of equatorial circularly ro-
tating observers. It has a simple explanation in terms
of the Kretschmann invariant K of the spacetime, since
the difference between the tidal invariants is just pro-
portional to K evaluated at θ = π/2. Actually, it is
possible to show that the validity of Eq. (3.4) can be
extended to an arbitrarily moving observer, not only in
the equatorial plane. In fact, let {E0ˆ ≡ U,Eiˆ} be an ar-
bitrary orthonormal frame adapted to a generic observer
congruence with 4-velocity field U parametrized by the
proper time τ . From the definition of the Kretschmann
invariant
K = RαβγδR
αβγδ , (3.6)
passing to frame components leads (in vacuum) to
K = 4R0ˆˆi0ˆjˆR
0ˆˆi0ˆjˆ − 4R0ˆkˆiˆjˆR0ˆkˆiˆjˆ +RiˆjˆkˆlˆRiˆjˆkˆlˆ
= 8[TE(U)− TB(U)] , (3.7)
where R0ˆiˆ0ˆjˆ = E(U )ˆijˆ and Rkˆ0ˆ iˆjˆ = B(U)kˆrˆǫrˆiˆjˆ , ǫiˆjˆkˆ be-
ing the Levi-Civita alternating symbol associated with
the spatial orthonormal frame {Eiˆ}. Therefore, the re-
lation K = 8[TE(U) − TB(U)] holds for any observer’s
world line, provided that the Kretschmann invariant is
evaluated along the chosen world line too. For instance,
for an arbitrarily moving observer in the equatorial plane
the previous relation reduce to Eq. (3.4) with r = r(τ)
as given by the parametric equations of the orbit (e.g.,
r = r0 = constant in the case of circular orbits).
For a later convenience, we will use a tilde notation for
mass-rescaled dimensionless quantities, e.g., T˜E,B(U) =
M4TE,B(U).
A. Circular orbits: a brief overview of their
geometrical characterization
Consider a family of uniformly rotating timelike circu-
lar orbits at a given fixed radius on the equatorial plane
with 4-velocity vector U(circ). It can be parametrized
equivalently either by the constant angular velocity ζ
with respect to infinity or by the constant relative ve-
locity ν with respect to the ZAMOs (defining the usual
Lorentz factor γ = (1 − ν2)−1/2) as follows
U(circ) = Γ[∂t + ζ∂φ] = γ[n+ νeφˆ] , (3.8)
where Γ is a normalization factor such that
U(circ)αU
α
(circ) = −1 and hence
Γ =
[
N2 − gφφ(ζ +Nφ)2
]−1/2
=
γ
N
, (3.9)
with
ζ = −Nφ + N√
gφφ
ν , ν =
√
gφφ
N
(ζ +Nφ) . (3.10)
The parametric equations of the orbit are then given by
t = t0 + Γτ , r = r0 , θ =
π
2
, φ = φ0 +Ωτ , (3.11)
with proper time angular velocity Ω and coordinate time
angular velocity ζ related by Ω = Γζ. For a later use,
we introduce the dimensionless coordinate time angular
velocity
y ≡ (Mζ)2/3 , (3.12)
and a spacelike unit vector U¯(circ) within the Killing 2-
plane which is orthogonal to U(circ) given by
U¯(circ) = Γ¯[∂t + ζ¯∂φ] = sgn(ν)γ[νetˆ + eφˆ] , (3.13)
with
ζ¯ = −Nφ + N√
gφφ
1
ν
, Γ¯ = Γ|ν| . (3.14)
Co-rotating (+) and counter-rotating (−) geodesics U±
(with respect to the rotation of the background source,
5which is clockwise assuming a > 0) are characterized by
the following angular and linear velocities
ζ± =
[
a± (M/r3)−1/2
]−1
, ν± =
a2 ∓ 2a
√
Mr + r2√
∆(a± r
√
r/M)
,
(3.15)
respectively, and the associated normalization factor
Γ(ζ±) ≡ Γ± given by
Γ± =
r3/2 ± a√M
r3/4
[√
r(r − 3M)± 2a
√
M
]1/2 . (3.16)
Furthermore, the orthogonal unit vector U¯± is given by
U¯± = Γ¯±[∂t + ζ¯±∂φ] = ±γ±[ν±etˆ + eφˆ] , (3.17)
where the ± signs are correlated with those in U±, Γ¯± =
Γ±|ν±| and
ζ¯± = ± r
3/2 − 2M√r ± a√M√
M(r2 ∓ 2a√Mr + a2) . (3.18)
In the static case ζ± → ±ζK , ν± → ±νK , Γ± →
ΓK and ζ¯± → ±ζK/ν2K , with ζK =
√
M/r3, νK =√
M/(r − 2M) and ΓK =
√
r/(r − 3M). The corre-
sponding timelike conditions |ν±| < 1 identify the al-
lowed regions for the radial coordinate where co/counter-
rotating geodesics exist, i.e., the location of the light-ring
(LR)
r(LR)± = 2M
{
1 + cos
[
2
3
arccos
(
∓ a
M
)]}
. (3.19)
The latter are the positive roots of the cubic equation
Γ−1± = 0, i.e.,
r3 − 6Mr2 + 9M2r − 4a2M = 0 . (3.20)
The dimensionless electric-type and magnetic-type
tidal invariants in this case are given by
T˜E(U±) = 6M
6
r6
+ T˜B(U±) , (3.21)
T˜B(U±) = 18M
6∆
r7
[ √
Mr ∓ a√
r(r − 3M)± 2a√M
]2
.
They both diverge as approaching the LR as ∼ 1/(r −
r(LR)±)
2. For instance, for a/M = 0.5 one finds
T˜B(U+) ≈ 0.03M2/(r − r(LR)+)2 and T˜B(U−) ≈
0.02M2/(r − r(LR)−)2, with r(LR)+ ≈ 2.3473M and
r(LR)− ≈ 3.5321M .
By introducing the Boyer-Lindquist inverse (dimen-
sionless) radius
u =
M
r
, (3.22)
and the dimensionless rotation parameter aˆ ≡ a/M , Eq.
(3.21) become
T˜E(U±) = 6u
6
(1− 3u∓ 2aˆu3/2)2
[
1− 3u+ 3u2
∓2aˆu3/2(1 + aˆ2u2) + aˆ2u3(1 + 3aˆ2u)
]
,
T˜B(U±) = 18u7 ∆˜(1∓ aˆ
√
u)2
(1− 3u∓ 2aˆu3/2)2 , (3.23)
where
∆˜ = 1− 2u+ aˆ2u2 , (3.24)
and the factor in front of each fraction represents the
Newtonian value of the tidal invariants, i.e., T˜ NewtE = 6u6
and T˜ NewtB = 18u7.
Let us consider the “weak field” limit of the above
expressions. The expansion for u≪ 1 gives
T˜E(U±) = 6u6 + T˜B(U±) ,
T˜B(U±) = T˜ (0)B + T˜ (aˆ)B aˆ+ T˜ (aˆ
2)
B aˆ
2 , (3.25)
with
T˜ (0)B = 18u7[1 + 4u+ 15u2 + 54u3 + 189u4 +O(u5)] ,
T˜ (aˆ)B = ∓36u15/2[1 + 6u+ 29u2 + 126u3 + 513u4
+O(u5)] ,
T˜ (aˆ2)B = 18u8[1 + 13u+ 89u2 + 489u3 +O(u4)] , (3.26)
where terms higher than quadratic in the rotation pa-
rameter aˆ have been neglected.
B. General equatorial orbits
Equatorial orbits have 4-velocity given by
U = γ[n+ ν rˆerˆ + ν
φˆeφˆ] , (3.27)
where the relative velocity ν(U, n) = ν rˆerˆ + ν
φˆeφˆ has
magnitude ν =
√
ν2rˆ + ν
2
φˆ
, with associated Lorentz factor
γ = (1 − ν2)−1/2. The parametric equations of the orbit
are the solutions of the evolution equations U = dxα/dτ ,
i.e.,
dt
dτ
=
γ
N
,
dr
dτ
=
γν rˆ√
grr
,
dφ
dτ
=
γ√
gφφ
(
νφˆ −
√
gφφN
φ
N
)
. (3.28)
Notice that for equatorial motion a convenient
parametrization can be r itself. The relation (3.4) holds
for an arbitrary equatorial orbit too, with r = r(τ) to be
taken along the world line U , as already stated.
6IV. EXTENDED BODIES WITH
SPIN-INDUCED QUADRUPOLAR
DEFORMATIONS
Hereafter, we will refer to the body 1 as an extended
body (with mass m1 = m and spin S1) moving in a Kerr
background (i.e., in the gravitational field of the body 2,
with mass m2 = M and spin S2 = Ma). The dynamics
of extended bodies in a given gravitational field is de-
scribed by the MPD model [50–57]. In the quadrupole
approximation, MPD equations read
DPµ
dτ
= −1
2
Rµναβ U
ν Sαβ − 1
6
Jαβγδ∇µRαβγδ ,
DSµν
dτ
= 2P [µUν] +
4
3
Jαβγ[µRν]γαβ , (4.1)
where Pµ = muµ (with u · u = −1) is the total 4-
momentum of the body with mass m, Sµν is a (anti-
symmetric) spin tensor, Jαβγδ is the quadrupole ten-
sor, and Uµ = dzµ/dτ is the timelike unit tangent vec-
tor of the “center of mass line” (with parametric equa-
tions xµ = zµ(τ)) used to make the multipole reduction,
parametrized by the proper time τ . Note that in gen-
eral the mass m is not constant along the world line of
the extended body, and should be distinguished from the
(constant) “bare” mass m0. The tensor quantities in-
troduced above are defined along the center of mass line
only and all depend on τ .
Additional constraints are imposed to the spin tensor
[52, 53]
Sµνuν = 0 , (4.2)
so that it is fully represented by a spatial vector (with
respect to u), i.e.,
S(u)α =
1
2
η(u)αβγS
βγ = [∗(u)S]α , (4.3)
where η(u)αβγ = ηµαβγu
µ is the spatial (with respect
to u) unit volume 3-form with ηαβγδ =
√−gǫαβγδ the
unit volume 4-form and ǫαβγδ (ǫ0123 = 1) the Levi-Civita
alternating symbol. As standard, hereafter we denote the
spacetime dual of a tensor (built up with ηαβγδ) by a
∗,
whereas the spatial dual of a spatial tensor with respect
to u (built up with η(u)αβγ) by
∗(u) . It is also useful to
introduce the signed magnitude s of the spin vector
s2 = S(u)βS(u)β =
1
2
SµνS
µν = −1
2
Tr[S2] , (4.4)
which is in general not constant along the trajectory of
the extended body.
We will consider the special case of a quadrupole tensor
completely determined by the spin structure of the body
(see, e.g., Refs. [59, 60]), i.e.,
Jαβγδ = 4u[αX˜ (u)β][γuδ] , X˜ (u) = CQ
m
[S2]STF ,
(4.5)
where CQ is a constant parameter which is characteris-
tic of the body under consideration (see, e.g., [60] with
CQ → (3/4)CQ) and [S2]STF denotes the trace-free part
of the square of the spin tensor, i.e.,
[S2]STFαβ = S(u)αS(u)β − 1
3
s2P (u)αβ
= [S(u)⊗ S(u)]STFαβ , (4.6)
where both the spin vector and the associated spin in-
variant have been used and P (u) projects orthogonally
to u.
We refer to Refs. [59–66] for recent applications to the
Schwarzschild and Kerr spacetimes of the MPD model
in the quadrupole approximation. Here, we use the re-
sults of Ref. [64], where the trajectory of the extended
body has been fully determined under the assumptions
of equatorial plane motion and spin of the body aligned
with the rotation axis of the Kerr source, i.e.,
S = S θˆeθˆ = −seθˆ . (4.7)
The MPD equations imply that in this case the spin mag-
nitude remains constant during the evolution, while the
mass m varies with r as
m = m0
[
1− 2
3
CQsˆ
2Γ2±y
3
±(1∓ 4aˆu3/2 + 3aˆ2u2)
]
,
(4.8)
where the dimensionless spin parameter sˆ = s/(m0M)
has been introduced. Implicit in the MPD model is the
assumption that the characteristic length scale associ-
ated with the spin structure of the body be small enough
if compared with the characteristic length of the back-
ground curvature, i.e., |sˆ| ≪ 1, in order to avoid backre-
action effects. Note that along circular orbits the mass
m is also a constant.
A. Circular orbits
Let us consider first the special case in which the orbit
of the extended body remains circular. The 4-velocity
U = U(circ) is thus given by Eq. (3.8) with normalization
factor
Γ = Γ±
(
1 + sˆΓsˆ + sˆ
2Γsˆsˆ
)
, (4.9)
with
Γsˆ = −3
2
Γ2±y
3
±ν±
√
∆˜
u
(1∓ aˆ√u) , (4.10)
Γsˆsˆ = ∓2
3
CQΓsˆ
√
u
∆˜∓ 4aˆu3/2(1 ∓ aˆ√u)
1∓ aˆ√u
±3
8
Γ4±y
15/2
± u
−7/2(1∓ aˆ√u)[10− 21u+ 13aˆ2u2
+5aˆ2u3 + 9aˆ4u4 ± 4aˆu3/2(3 − 6u+ 7aˆ2u2)] ,
and angular velocity
ζ = ζ±
(
1 + sˆζsˆ + sˆ
2ζsˆsˆ
)
, (4.11)
7with
ζsˆ = −3
2
y
3/2
± (1∓ aˆ
√
u) , (4.12)
ζsˆsˆ = ∓2
3
CQζsˆ
√
u
∆˜∓ 4aˆu3/2(1 ∓ aˆ√u)
1∓ aˆ√u
±3
8
y3±(1∓ aˆ
√
u)[7 + 9aˆ2u2 ± aˆ√u(3 + u)] ,
respectively, where
Mζ± =
±u3/2
1± aˆu3/2 ≡ y
3/2
± ,
ν± =
y
3/2
±
u
√
∆˜
(1 + aˆ2u2 ∓ 2aˆu3/2) ,
Γ± =
1± aˆu3/2
(1− 3u± 2aˆu3/2)1/2 . (4.13)
The parametric equations of the orbit are then given by
Eq. (3.11).
The dimensionless electric-type and magnetic-type
tidal invariants turn out to be
T˜E(U(circ)) = T˜E(U±) + T˜B(U±)
(
sˆδsˆ + sˆ
2δsˆsˆ
)
,
T˜B(U(circ)) = T˜B(U±)
(
1 + sˆδsˆ + sˆ
2δsˆsˆ
)
, (4.14)
so that
T˜E(U(circ))− T˜E(U±) = T˜B(U(circ))− T˜B(U±)
= T˜B(U±)
(
sˆδsˆ + sˆ
2δsˆsˆ
)
, (4.15)
with
δsˆ = ∓3u−3/2Γ2±y3±[∆˜ + u(1∓ aˆ
√
u)2] ,
δsˆsˆ = ∓2
3
CQδsˆ
√
u
∆˜∓ 4aˆu3/2(1∓ aˆ√u)
1∓ aˆ√u
+
3
4
Γ4±y
6
±u
−3{10− 16u− 2(3− 22aˆ2)u2
−40aˆ2u3 + 48aˆ4u4 ± aˆ√u[3− 60u
+(97 + 6aˆ2)u2 − 86aˆ2u3]} , (4.16)
and T˜E(U±) and T˜B(U±) given by Eq. (3.23).
In the weak field limit, the spin-induced corrections
(4.15) to the geodesic values T˜E,B(U±) (see Eq. (3.25))
can be written as
T˜E(U(circ))− T˜E(U±) = T˜B(U(circ))− T˜B(U±) (4.17)
= T˜ (sˆ)B sˆ+ 2T˜ (aˆsˆ)B aˆsˆ+ T˜ (sˆ
2)
B sˆ
2 ,
where
T˜ (sˆ)B = −54u17/2[1 + 6u+ 29u2 +O(u3)] ,
T˜ (aˆsˆ)B = 54u9[1 + 10u+O(u2)] ,
T˜ (sˆ2)B = 9u9[4CQ + u(15 + 16CQ) +O(u2)] . (4.18)
FIG. 1: The behavior of the ratio TE(U(circ))/TE(U±) is
shown as a function of the radial coordinate for a/M = 0.5,
CQ = 1 and different values of the spin parameter sˆ =
[−0.5,−0.25, 0, 0.25, 0.5] in the case of co-rotating reference
circular geodesics. The latter have their LR at r(LR)+/M ≈
2.347, where it is positively divergent. The values of sˆ have
been exaggerated to enhance the effect.
We show in Fig. 1 the behavior of the ratio
TE(U(circ))/TE(U±) as a function of the radial coordinate
for selected values of the parameters. The allowed range
of r is determined by the existence of circular geodesics,
i.e., r > r(LR)+ ≈ 2.347M in the co-rotating case. The
positive divergence at the LR is expected from geodesic
motion. Spin corrections involve additional divergent
terms in comparison with those already present in the
Γ factor (see Eq. (4.9)); hence, in general, they enhance
such a behavior. Our analysis shows that the value of the
electric tidal invariant associated with the orbit of the
extended body is always greater than the corresponding
geodesic value if the spin vector is anti-aligned with the
rotation axis of the background source. In the aligned
case, instead, it is exactly the opposite for large radii.
As the LR is approached, the curves exhibit a minimum,
crossing then the geodesic value and finally indefinitely
growing very close to the LR.
1. Inverting the relation between ζ and u
In order to get a gauge-invariant information from the
tidal invariants computed above, one has to express them
in terms of an observable quantity, like the angular ve-
locity ζ, instead of the radial coordinate. We will use the
following rescaled angular velocity
ζ′ =
ζ
1− aζ , (4.19)
first introduced in the literature in 1991 by de Felice and
Usseglio-Tomasset in the context of a relativistically cor-
rect definition of strains and centrifugal forces in general
8relativity [67, 68]. Later on it received much attention
in Refs. [69, 70], where its geometrical meaning in terms
of new slicings of Kerr spacetime was clarified (see text
after Eq. (4.4) of Ref. [70]).
Substituting Eq. (4.11) into Eq. (4.19) yields3
Mζ′ = ±u3/2(1 + sˆζ′ sˆ + sˆ2ζ′ sˆsˆ) , (4.20)
where
ζ′ sˆ = ∓
3
2
u3/2(1 ∓ aˆ√u) ,
ζ′sˆsˆ =
3
8
u3(7± 3aˆ√u)(1 ∓ aˆ√u)
+CQu
2(1− 2u+ 5aˆ2u2 ∓ 4aˆu3/2) , (4.21)
with associated dimensionless variable
y′ ≡ (Mζ′)2/3 = u
[
1 +
2
3
sˆζ′ sˆ + sˆ
2
(
2
3
ζ′sˆsˆ −
1
9
ζ′ sˆ
2
)]
.
(4.22)
Inverting then the above relation gives
u = y′[1 + α(y′)sˆ+ β(y′)sˆ2] , (4.23)
with
α(y′) = ±y′3/2(1 ∓ aˆy′1/2) ,
β(y′) = −1
3
y′2[−3y′(1∓ 5aˆ
√
y′ + 4aˆ2y′)
+2CQ(1 − 2y′ + 5aˆ2y′2 ∓ 4aˆy′3/2)] . (4.24)
Finally, the relation between u and ζ can be in turn easily
obtained from the previous equation by replacing y′ in
terms of ζ through Eq. (4.19).
Alternatively, one can directly use the variable y intro-
duced in Eq. (3.12) and related to y′ by
y′ =
y
(1 − aˆy3/2)2/3
= y
[
1 +
2
3
aˆy3/2 +
5
9
aˆ2y3 +O(y9/2)
]
. (4.25)
The relation with u in this case is
u =
y
(1− aˆy3/2)2/3 (1 + α˜(y)sˆ+ β˜(y)sˆ
2) (4.26)
= y
{
1 +
(
2
3
aˆ± sˆ
)
y3/2 − sˆ
(
aˆ+
2
3
CQsˆ
)
y2
+
[
5
9
aˆ2 ± 5
3
aˆsˆ+
(
1 +
4
3
CQ
)
sˆ2
]
y3 +O(y7/2)
}
,
where
α˜(y) = α
(
y
(1− aˆy3/2)2/3
)
,
β˜(y) = β
(
y
(1 − aˆy3/2)2/3
)
. (4.27)
3 A prime over ζ′sˆ and ζ
′
sˆsˆ should not be confused here with a
derivative.
2. Gauge-invariant expressions of tidal invariants
Let us turn to the general expressions (4.14) of tidal
invariants. In terms of the gauge-invariant quantity y′
introduced above they read
T˜E(U(circ))
∣∣
y′
= T˜E(U±)
∣∣
u=y′
(1 + sˆwEsˆ + sˆ
2wEsˆsˆ) ,
T˜B(U(circ))
∣∣
y′
= T˜B(U±)
∣∣
u=y′
(1 + sˆwBsˆ + sˆ
2wBsˆsˆ) ,
(4.28)
where
wEsˆ = ±6(1∓ aˆ
√
y′)y′3/2
nE
dE
,
wEsˆsˆ = ∓
2
3
CQw
E
sˆ
√
y′
1− 2y′ + 5aˆ2y′2 ∓ 4aˆy′3/2
1∓ aˆ√y′
+
3y′3(1 ∓ aˆ√y′)
1− 3y′ ± 2aˆy′3/2
bE
dE
,
wBsˆ =
±2y′3/2nB
1− 2y′ + aˆ2y′2 ,
wBsˆsˆ = ∓
2
3
CQw
B
sˆ
√
y′
1− 2y′ + 5aˆ2y′2 ∓ 4aˆy′3/2
1∓ aˆ√y′
+
y′3bB
(1− 2y′ + aˆ2y′2)(1 − 3y′ ± 2aˆy′3/2) , (4.29)
with
nE = dE − y′(1− aˆ2y′2)(1 − y′ + 2aˆ2y′2 ∓ 2aˆy′3/2) ,
dE = 1− 3y′ + 3(1 + aˆ2)y′2 + aˆ2y′3 + 3aˆ4y′4
∓2aˆy′3/2(1 + 3aˆ2y′2) ,
bE = 7− 53y′ + 9(15 + 4aˆ2)y′2 − 3(37 + 55aˆ2)y′3
+5aˆ2(31 + 11aˆ2)y′4 − 545aˆ4y′5 − 170aˆ6y′6
∓aˆ
√
y′[13− 95y′ + 3(79 + 20aˆ2)y′2
−9(21 + 31aˆ2)y′3 + aˆ2(111 + 85aˆ2)y′4
−599aˆ4y′5] , (4.30)
and
nB = 2− 5y′ + 3aˆ2y′2 ∓ aˆ2
√
y′(4− 9y′ + 5aˆ2y′2) ,
bB = 10− 6(9− 10aˆ2)y′ + 3(26− 135aˆ2)y′2
+(647 + 85aˆ2)aˆ2y′3 − 429aˆ4y′4
∓2aˆ
√
y′[27− 156y′ + 3(77− 5aˆ2)y′2 − 6aˆ2y′3
−85aˆ4y′4] . (4.31)
The corresponding (weak field) y′−expansions are
T˜E(U(circ))
∣∣
y′
= 6y′6[1 + 3y′ ∓ 6(aˆ− sˆ)y′3/2
+(12 + 3aˆ2 − 6aˆsˆ− 4CQsˆ2)y′2
∓12(3aˆ− sˆ)y′5/2 +O(y′3)] ,
T˜B(U(circ))
∣∣
y′
= 18y′7
[
1∓ 2aˆ
√
y′ + (4 + aˆ2)y′
∓4(3aˆ− sˆ)y′3/2 + (15 + 13aˆ2 − 16aˆsˆ
−8
3
CQsˆ
2
)
y′2 +O(y′5/2)
]
. (4.32)
9Noticeably, the dependence of the above result on the
rotational parameter aˆ is exact (indeed the expansion
has involved the y′ variable only).
In the Schwarzschild case (y′ = y) the previous ex-
pressions for the electric and magnetic tidal invariants
simplify to
T˜E(U(circ))
∣∣
y
= 6y6
{
1− 3y + 3y2
(1− 3y)2 ± 6y
3/2 1− 4y + 4y2
(1− 3y)2 sˆ
− 3y
2
(1− 3y)2
[
4
3
CQ(1− 2y)3 − y
1− 3y (7− 53y + 135y
2 − 111y3)
]
sˆ2
}
= 6y6[1 + 3y ± 6sˆy3/2 + 4(3− CQsˆ2)y2 ± 12sˆy5/2 +O(y3)] ,
T˜B(U(circ))
∣∣
y
= 18y7
{
1− 2y
(1− 3y)2 ± 2y
3/2 2− 5y
(1− 3y)2 sˆ
− 2y
2
(1− 3y)2
[
2
3
CQ(1− 2y)(2− 5y)− y
1− 3y (5− 27y + 39y
2)
]
sˆ2
}
= 18y7
[
1 + 4y ± 4sˆy3/2 +
(
15− 8
3
CQsˆ
2
)
y2 +O(y5/2)
]
. (4.33)
In the absence of spin, these results agree with the test-
mass limit (q → 0) of Eq. (2.8), where one sets M =
M(1 + q)→ M , X1 → 0, X2 → 1 and x→ y. The spin-
dependent terms are genuinely new and can be used to
compare with similar results obtained through numerical
approaches.
In Fig. 2 we show the behavior of the ratio
TE(U(circ))/TE(U±) as a function of the dimensionless
rescaled angular velocity y′, for selected values of the
parameters. The advantage of using the angular velocity
as the independent variable in place of the radial coor-
dinate is that the former is a gauge-invariant quantity.
Fig. 2 exactly reproduces the features discussed in Fig. 1
in both cases of aligned/anti-aligned spin, which are then
general enough.
3. Tidal eigenvalues
Let us evaluate the eigenvalues of the electric and mag-
netic tidal tensors M2Eµν(U(circ)) and M2Bµν(U(circ)).
They are such that [14, 15]
E(U(circ)) = diag[λ(E)1 , λ(E)2 ,−(λ(E)1 + λ(E)2 )] ,
B(U(circ)) = diag[λ(B),−λ(B), 0] , (4.34)
where we have taken into account their tracelessness and
the existence of a zero magnetic eigenvalue (see also Ap-
pendix A, where the corresponding eigenvectors are also
given). The three independent eigenvalues can be com-
puted by using the quadratic invariants T˜E(U(circ)) and
T˜B(U(circ)) and the cubic invariant Tr [E(U(circ))]3, which
are related by
T˜B(U(circ)) = 2[λ(B)]2 ,
FIG. 2: The behavior of the ratio TE(U(circ))/TE(U±) is
shown as a function of the dimensionless rescaled angular ve-
locity variable y′ for the same choice of parameters as in Fig. 1.
The allowed range for y′ is between 0 and My′+ ≈ 0.426, as-
sociated with r > r(LR)+.
1
2
T˜E(U(circ)) = [λ(E)1 ]2 + [λ(E)2 ]2 + λ(E)1 λ(E)2 ,
1
3
M6Tr [E(U(circ))]3 = −λ(E)1 λ(E)2 (λ(E)1 + λ(E)2 ) .(4.35)
The cubic invariant turns out to be given by
10
M6Tr [E(U(circ))]3 = −3u3Γ4±y6±(1 + 3aˆ2u2 ∓ 4aˆu3/2)(2− 3u+ 3aˆ2u2 ∓ 2aˆu3/2)
±81u5/2Γ6±y9±∆˜(1∓ aˆ
√
u)2(1 − u+ 2aˆ2u2 ∓ 2aˆu3/2)sˆ
−27
4
uΓ8±y
12
± ∆˜(1∓ aˆ
√
u)
{
8CQ
u2
Γ2±y
3
±
(1− u+ 2aˆ2u2 ∓ 2aˆu3/2)(1 − 2u+ 5aˆ2u2 ∓ 4aˆu3/2)
+3(1∓ aˆ√u)[10− 16u+ 2u2(22aˆ2 − 3)− 40aˆ2u3 + 48aˆ4u4
±aˆ√u(3− 60u+ u2(6aˆ2 + 97)− 86aˆ2u3)]} sˆ2 . (4.36)
Noticeably, the first and second order spin corrections
of the electric cubic invariant are simply related to the
corresponding ones of the electric quadratic invariant by
1
3M
6Tr [E(U(circ))]3(1)
1
2 T˜E(U(circ))(1)
= −u3 =
1
3M
6Tr [E(U(circ))]3(2)
1
2 T˜E(U(circ))(2)
.
(4.37)
The above eigenvalues have the following form
λ(B) = λ(B) (0) + sˆλ(B) (1) + sˆ2λ(B) (2) ,
λ
(E)
1,2 = λ
(E) (0)
1,2 + sˆλ
(E) (1)
1,2 + sˆ
2λ
(E) (2)
1,2 , (4.38)
with
−λ(B) (0) = −3u7/2
√
∆˜
1∓ aˆ√u
1− 3u± 2aˆu3/2 ,
λ(B) (1) =
1
2
λ(B) (0)δsˆ ,
λ(B) (2) =
1
2
λ(B) (0)
(
δsˆsˆ − δ
2
sˆ
4
)
, (4.39)
and
λ
(E) (0)
1 = u
3 − 3u
3∆˜
1− 3u± 2aˆu3/2 ,
λ
(E) (0)
2 = −2u3 +
3u3∆˜
1− 3u± 2aˆu3/2 ,
λ
(E) (1)
1 = −λ(E) (1)2 = ±9u11/2
∆˜(1∓ aˆ√u)2
(1 − 3u± 2aˆu3/2)2 ,
λ
(E) (2)
1 = −λ(E) (2)2
= −6u6 ∆˜(1∓ aˆ
√
u)
(1− 3u± 2aˆu3/2)2 {CQ(1− 2u
+5aˆ2u2 ∓ 4aˆu3/2) + 3
8
u(1∓ aˆ√u)
1− 3u± 2aˆu3/2 [10
−18u+ 18aˆ2u2 ± aˆ√u(3− 13u)]} . (4.40)
Therefore, the value of the third electric eigenvalue
λ
(E)
3 = −(λ(E)1 + λ(E)2 ) is not modified to second order
in spin with respect to the corresponding geodesic value
λ
(E) (0)
3 = u
3. The behavior of both first and second or-
der corrections in spin of the electric eigenvalue λ
(E)
1 as a
function of y′ is shown in Fig. 3, as an example. They are
both mostly negligible for small values of y′ (weak field),
FIG. 3: The behavior of both first and second order cor-
rections in spin of the electric eigenvalue λ
(E)
1 is shown as
a function of the rescaled angular velocity variable y′ for
a/M = 0.5 and CQ = 1 in the case of co-rotating reference
circular geodesics.
but their contribution becomes more and more significant
as approaching the LR.
To conclude this section on circular motion, it is in-
teresting to compare the spin-induced corrections to the
tidal eigenvalues to first order in spin in the limiting case
of a Schwarzschild spacetime with the self-force correc-
tions obtained in Ref. [15], i.e.,
λ(B) = λ(B) (0) + qλ(B) 1SF ,
λ
(E)
1,2 = λ
(E) (0)
1,2 + qλ
(E) 1SF
1,2 , (4.41)
with
−λ(B) 1SF = −2y7/2
[
1 +
3
2
y +
59
8
y2 +O(y3)
]
,
λ
(E) 1SF
1 = 2y
3
[
1 + y − 19
4
y2 +O(y3)
]
,
λ
(E) 1SF
2 = −y3
[
1 +
3
2
y +
23
8
y2 +O(y3)
]
. (4.42)
The solutions (4.38) for the tidal eigenvalues in terms of
11
the coordinate variable u evaluated at aˆ = 0 become
−λ(B) = −3u7/2
√
1− 2u
1− 3u
{
1∓ 3
2
u3/2
1− u
1− 3usˆ
+
1
8
u2
(1− 3u)2 [8CQ(1 − u)(1− 2u)(1− 3u)
+3u(7− 10u− 9u2)]sˆ2} ,
λ
(E)
1 = −u3
2− 3u
1− 3u ± 9u
11/2 1− 2u
(1 − 3u)2 sˆ
−3
2
u6
1− 2u
(1− 3u)3 [4CQ(1− 2u)(1− 3u)
+3u(5− 9u)]sˆ2 ,
λ
(E)
2 =
u3
1− 3u ∓ 9u
11/2 1− 2u
(1− 3u)2 sˆ
+
3
2
u6
1− 2u
(1− 3u)3 [4CQ(1− 2u)(1− 3u)
+3u(5− 9u)]sˆ2 , (4.43)
or, in terms of the gauge-invariant variable y defined in
Eq. (3.12),
−λ(B) = −3y7/2
√
1− 2y
1− 3y
{
1± y3/2 2− 5y
1− 2y sˆ+ y
2
[
−2
3
CQ(2− 5y) + y 6− 42y + 101y
2 − 81y3
2(1− 2y)2(1− 3y)
]
sˆ2
}
,
λ
(E)
1 = −y3
2− 3y
1− 3y
{
1± 3y3/2 2− 5y
2− 3y sˆ+
y2
2− 3y
[
−2CQ(2− 5y)(1− 2y) + 3y
1− 3y (4− 23y + 36y
2)
]
sˆ2
}
,
λ
(E)
2 =
y3
1− 3y
{
1± 3y3/2(1− 2y)sˆ+ y2
[
−2CQ(1− 2y)2 + 3y
1− 3y (2− 11y + 18y
2)
]
sˆ2
}
, (4.44)
whose weak field expansion gives
−λ(B) = −3y7/2
{
1 + 2y ± 2sˆy3/2 +
(
11
2
− 4
3
CQsˆ
2
)
y2 ± 3sˆy5/2 +
[
16 +
(
3 +
2
3
CQ
)
sˆ2
]
y3 +O(y7/2)
}
,
λ
(E)
1 = −2y3
{
1 +
3
2
y ± 3sˆy3/2 +
(
9
2
− 2CQsˆ2
)
y2 ± 3
2
sˆy5/2 +
[
27
2
+ 3(2 + CQ)sˆ
2
]
y3 +O(y7/2)
}
,
λ
(E)
2 = y
3
{
1 + 3y ± 3sˆy3/2 + (9− 2CQsˆ2) y2 ± 3sˆy5/2 + [27 + 2(3 + CQ)sˆ2] y3 +O(y7/2)} . (4.45)
Therefore, the ratio between 1SF corrections and spin-
induced corrections behaves as y3/2 for all eigenvalues.
In fact, to first order in spin (1S) the latter are given by
−λ(B) 1S = ∓6y5
[
1 +
3
2
y +
7
2
y2 +O(y3)
]
,
λ
(E) 1S
1 = ∓6y9/2
[
1 +
1
2
y +
3
2
y2 +O(y3)
]
,
λ
(E) 1S
2 = ±3y9/2
[
1 + y + 3y2 +O(y3)
]
. (4.46)
B. Quasi-circular orbits
Let us consider the solution to the MPD equations cor-
responding to a quasi-circular orbit with unit tangent
vector Uµ = dxµ/dτ , i.e., the initial conditions being
chosen so that the world line of the extended body has
the same starting point as the reference circular geodesic
at radius r = r0 for vanishing spin. We also require that
the two world lines are initially tangent.
The complete solution (up to O(sˆ2) included) is given
by [62, 64]
xα = xα± + sˆx
α
(1) + sˆ
2xα(2) , (4.47)
with
t˜(1) ≡ Ω(ep)t(1) = T˜sˆ(sin ℓ− ℓ) ,
r˜(1) ≡
r(1)
r0
= R˜sˆ(cos ℓ− 1) ,
φ˜(1) ≡ (MΩ(ep))φ(1) = (Mζ¯±)t˜(1) , (4.48)
and
t˜(2) ≡ Ω(ep)t(2)
= D˜1 sin ℓ+ D˜2 sin 2ℓ+D3ℓ cos ℓ+D4ℓ ,
r˜(2) ≡
r(2)
r0
= C˜1(cos ℓ− 1) + C˜2(cos 2ℓ− 1) + C˜3ℓ sin ℓ ,
φ(2) = E1 sin ℓ + E2 sin 2ℓ+ E˜3ℓ cos ℓ+ E˜4ℓ . (4.49)
Here ℓ ≡ Ω(ep)τ is a parameter along the orbit and
MΩ(ep) = Γ±y
3/2
±
[
1− 6u0 − 3aˆ2u20 ± 8aˆu3/20
]1/2
(4.50)
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denotes the well known epicyclic frequency governing the
radial perturbations of circular geodesics, with associated
dimensionless variable defined as
y(ep) ≡
(
MΩ(ep)
Γ±
)2/3
. (4.51)
The explicit expressions for the coefficients are listed in
Appendix B.
The unit tangent vector to the orbit is then given by
Uα = Uα± + sˆU
α
(1) + sˆ
2Uα(2) , (4.52)
with
U(1) = γ±V(r)sˆ
2 u3/20
Γ±y
3/2
(ep)
(cos ℓ− 1)U¯± + sin ℓerˆ
 ,
(4.53)
and
U(2) = XU± + Y U¯± + Zerˆ , (4.54)
with
X = −1
2
γ2±(V(r)sˆ )2[cos 2ℓ− 2 cos ℓ+ 1] , (4.55)
Y = Γ¯−1± [−Γ±X + 2D˜2 cos 2ℓ+ (D3 + D˜1) cos ℓ
−D3ℓ sin ℓ+D4] ,
Z =
Γ±y
3/2
(ep)
u0
√
∆˜
[−2C˜2 sin 2ℓ+ (C˜3 − C˜1) sin ℓ+ C˜3ℓ cos ℓ] .
1. Tidal invariants along quasi-circular orbits
The tidal electric and magnetic invariants can be writ-
ten as
T˜E,B(U) = T˜E,B(U±) + sˆT˜ (1)E,B + sˆ2T˜ (2)E,B . (4.56)
It turns out that the first and second order corrections
to the tidal electric and magnetic invariants are related
by
T˜ (1)E − T˜ (1)B = −36u60r˜(1) ,
T˜ (2)E − T˜ (2)B = −36u60
(
r˜(2) −
7
2
r˜2(1)
)
. (4.57)
We find
T˜E(U) = T˜E(U±) +
(
sˆǫEsˆ + sˆ
2ǫEsˆsˆ
)
(cos ℓ− 1)
+sˆ2ζEsˆsˆ(cos 2ℓ− 1) + sˆ2ηEsˆsˆℓ sin ℓ ,
T˜B(U) = T˜B(U±) +
(
sˆǫBsˆ + sˆ
2ǫBsˆsˆ
)
(cos ℓ− 1)
+sˆ2ζBsˆsˆ(cos 2ℓ− 1) + sˆ2ηBsˆsˆℓ sin ℓ , (4.58)
with
ǫEsˆ = ǫ
B
sˆ − 36u60R˜sˆ ,
ǫEsˆsˆ = ǫ
B
sˆsˆ − 36u60(C˜1 + 7R˜2sˆ) ,
ζEsˆsˆ = ζ
B
sˆsˆ − 36u60
(
C˜2 − 7
4
R˜2sˆ
)
,
ηEsˆsˆ = η
B
sˆsˆ − 36u60C˜3 . (4.59)
The first order correction is
ǫBsˆ = ±108Γ4±
y9±
y3(ep)
u
5/2
0 (1∓ aˆ
√
u0)
3∆˜[4∆˜
+u0(1∓ aˆ√u0)2] , (4.60)
whereas the second order corrections have very long ex-
pressions and are listed in Appendix B. We list below
their approximate expansions in the weak field limit:
ǫBsˆsˆ = ±432u17/20
[
1∓ 3aˆ√u0 +
(
33
4
+ 3aˆ2
)
u0
+O(u
3/2
0 )
]
,
ǫBsˆsˆ = −288u90 {CQ(1 ∓ 2aˆ
√
u0)
+
[
75
2
+ CQ
(
25
4
+ aˆ2
)]
u0 +O(u
3/2
0 )
}
,
ζBsˆsˆ = 3249u
10
0
[
1∓ 39
10
aˆ
√
u0 +
(
563
40
+
57
10
aˆ2
)
u0
+O(u
3/2
0 )
]
,
ηBsˆsˆ = = 1296u
10
0
[
1∓ 4aˆ√u0 +
(
37
4
+ 6aˆ2
)
u0
+O(u
3/2
0 )
]
. (4.61)
Fig. 4 shows the evolution of the radial coordinate as well
as the behavior of the ratio TE(U)/TE(U±) along the or-
bit for selected values of the parameters. The orbit of the
extended body initially deviates slightly from the refer-
ence circular geodesic, but after a number of oscillations
it gets closer and closer to the central source. This is
due to the chosen value of the spin parameter, which has
been exaggerated to enhance the effect. The secular term
appearing at the second order in spin is responsible for
driving the growth of the oscillations after each revolu-
tion. Note that the amplitude of the oscillations should
actually maintain small in order that the orbit be “quasi-
circular.” This is achieved by choosing a smaller value of
sˆ, which should be indeed much less than 1 to preserve
the validity of the MPD model, as already stated.
A final remark concerns the behavior of tidal eigen-
values. Their expressions in this case are quite long and
not very illuminating, so that we avoid showing them.
However, the structure of the solution is similar to that
of tidal invariants evaluated above, containing oscillat-
ing terms with frequency equal to the epicyclic frequency
and a secular term enhancing the amplitude of the oscil-
lations.
V. CONCLUDING REMARKS
We have computed the lowest order tidal invariants
(of both electric and magnetic types) along the (non-
geodesic) world line of an extended body in the equato-
rial plane of a Kerr spacetime. The body is spinning and
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(a) (b)
FIG. 4: An example of non-circular motion is shown in the panel (a), where the evolution of the radial coordinate r/M is
plotted as a function of φ for a/M = 0.5, sˆ = 0.1 and CQ = 1. The reference orbit is chosen as the co-rotating circular geodesic
at r0/M = 5.5. The corresponding behavior of the ratio TE(U)/TE(U±) is shown in the panel (b). Note that the value of the
spin parameter has been exaggerated to enhance the effect. It should actually be very small in order that the MPD model be
valid, implying that the orbit would remain “quasi circular” after a large number of revolutions.
tidally deformed. Its motion is described in terms of a
number of (scalar, vector, tensor) fields defined along a
single world line (“center of mass” line). These fields are
associated with a multipolar expansion around the center
of mass line according to the MPD model truncated at
the quadrupole order. The quadrupole tensor is assumed
to be quadratic in spin, accounting for deformations in-
duced by the spin itself. We have discussed the behavior
of such invariants when the body is moving along a cir-
cular orbit as well as in the case of arbitrary (equatorial)
motion. The resulting expressions are in general quite in-
volved, so we have also computed the corresponding weak
field expansion, which can be directly compared with the
existing PN literature, especially in the limiting case of
the Schwarzschild solution.
In the circular case the results are expressed in a gauge-
invariant way in terms of a suitably defined dimensionless
angular velocity. The spin dependent terms are genuinely
new and can provide useful information when compared
with purely numerical investigations. We have shown
that first order spin corrections to tidal invariants ap-
pear at the 1.5PN fractional accuracy beyond the lead-
ing (Newtonian) order, as expected. Quadratic spin cor-
rections, instead, arise at the 3PN fractional accuracy.
The behavior at the light ring is dominated by the cor-
responding geodesic values, i.e., the tidal invariants of
both kinds diverge as (r − r(LR))−2. We have also eval-
uated the eigenvalues of the electric and magnetic tidal
tensors, whose derivation requires the computation of the
cubic electric invariant too. In the simpler Schwarzschild
situation we have compared the self force expressions in
absence of spin (0S-1SF) of the tidal eigenvalues with
their counterparts in the case in which one takes into ac-
count spin corrections but neglects those due to self force
(1S-0SF). We have found that the ratio between 0S-1SF
corrections and 1S-0SF behaves as y3/2 for eigenvalues
of both kind. This simple example may give some use-
ful information concerning the interplay of the associated
effects.
In the non-circular case, instead, the electric and mag-
netic invariants (as well as the associated tidal eigenval-
ues) vary along the orbit, exhibiting an oscillating be-
havior with frequency equal to the epicyclic frequency
and twice its value plus a secular term which appears
at the second order in spin only. A possible extension
of the present analysis would be that of converting the
Boyer-Lindquist coordinate tidal information into some
more efficient formalism when dealing with a two-body
system, like the EOB formalism. We leave this further
analysis to future works.
Appendix A: Circular orbits: eigenvectors of tidal
tensors
We compute in this section the eigenvectors associated
with the electric and magnetic tidal tensors in the case
of circular motion (see also Ref. [14]).
Let us first introduce the orthonormal frame adapted
to U(circ) (see also Section IIIA)
E0 ≡ U(circ) = γ[n+ νeφˆ] , E1 = erˆ , E2 = eθˆ ,
E3 ≡ U¯(circ) = sgn(ν)γ[νn+ eφˆ] , (A1)
where γ = (1−ν2)−1/2. For example, if ν > 0, then {Ea}
is such that η(U(circ))αβγE
α
1 E
β
2E
γ
3 = 1.
When decomposed with respect to that frame the elec-
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tric tidal tensor is already diagonal with components
E(U(circ)) = diag[λ(E)1 , λ(E)2 , λ(E)3 ] , (A2)
so that E1, E2 and E3 are the electric tidal eigenvectors
associated with the eigenvalues
λ
(E)
1 = γ
2[E(n)rˆrˆ − 2νB(n)rˆθˆ − ν2E(n)θˆθˆ] ,
λ
(E)
2 = γ
2[E(n)θˆθˆ + 2νB(n)rˆθˆ − ν2E(n)rˆrˆ] ,
λ
(E)
3 = −(λ(E)1 + λ(E)2 ) = −(E(n)rˆrˆ + E(n)θˆθˆ) .(A3)
Here E(n) and B(n) are the electric and magnetic parts
of the Riemann tensor with respect to ZAMOs, whose
nonvanishing components are given by
E(n)rˆrˆ = −M(2r
4 + 5r2a2 − 2a2Mr + 3a4)
r4(r3 + a2r + 2a2M)
,
E(n)θˆθˆ =
M(r4 + 4r2a2 − 4a2Mr + 3a4)
r4(r3 + a2r + 2a2M)
= −M
r3
− E(n)rˆrˆ ,
B(n)rˆθˆ = −
3Ma(r2 + a2)
√
∆
r4(r3 + a2r + 2a2M)
, (A4)
and E(n)φˆφˆ = −E(n)rˆrˆ − E(n)θˆθˆ = M/r3. Therefore,
the third eigenvalue λ
(E)
3 = M/r
3 is not affected by the
presence of the spin. The solution for the linear velocity
ν can be easily evaluated from that for ζ given by Eqs.
(4.11)–(4.12), being simply related by Eq. (3.10), i.e.,
ν =
√
gφφ
N
(ζ +Nφ) = ν± +
√
gφφ
N
ζ±sˆ (ζsˆ + sˆζsˆsˆ) . (A5)
The magnetic tidal tensor, instead, is not diagonal with
respect to the frame (A1). However, it is enough to rotate
the frame vectors E1 and E2 in the r-θ 2-plane to obtain
B(U(circ)) = diag[λ(B),−λ(B), 0] , (A6)
with eigenvectors (E1 ∓ E2)/
√
2 and E3 and associated
eigenvalues ±λ(B) and 0, respectively, and
λ(B) = γ2[(E(n)rˆrˆ − E(n)θˆθˆ)ν − (1 + ν2)B(n)rˆθˆ] . (A7)
Appendix B: Quasi-circular orbits: explicit solution
1. Representation of the orbit
We list below the various coefficients entering the
quasi-circular orbit solution (4.48) and (4.49):
R˜sˆ ≡ Rsˆ
r0
= −N u0
√
∆˜
y
3/2
(ep)
V(r)sˆ ,
T˜sˆ ≡ Ω(ep)Tsˆ = ±2ν±
u
3/2
0
y
3/2
(ep)
V(r)sˆ , (B1)
with
N =
√
∆˜
(1 + aˆ2u20 + 2aˆ
2u30)
1/2
,
V(r)sˆ = ±3
√
u0∆˜
N
y3±
y
3/2
(ep)
(1∓ aˆ√u0) , (B2)
and
C˜1 ≡ C1
r0
= Nu0
√
∆˜
ν±
y
3/2
(ep)
(B1 − B˜3)− 9N2u30
y6±
y6(ep)
(1∓ aˆ√u0)2(1 + aˆ2u20)[∆˜− u0(1− aˆ2u20)] ,
C˜2 ≡ C2
r0
=
1
2
Nu0
√
∆˜
ν±
y
3/2
(ep)
B2 +
9
4
N2u30
y6±
y6(ep)
(1∓ aˆ√u0)2(1 + aˆ2u20)[∆˜− u0(1− aˆ2u20)] ,
C˜3 ≡ C3
r0Ω(ep)
= −Nu0
√
∆˜
ν±
y
3/2
(ep)
B˜3 ,
D˜1 ≡ Ω(ep)D1 = ∓2γ±ν2±
u
3/2
0
y
3/2
(ep)
(B1 − 2B˜3)∓ 9u5/20
N
∆˜
γ±
y
15/2
±
y6(ep)
(1∓ aˆ√u0)2[7− 12u0 + 17aˆ2u20 − 28aˆ2u30
−(12− 13aˆ2)aˆ2u40 − 12aˆ4u50 − (44− 3aˆ2)aˆ4u60 + 4aˆ6u70 ∓ 4aˆu3/20 (4− 9u0 + 4aˆ2u20 − 2aˆ2u30 − 12aˆ2u40 − aˆ4u50)] ,
D˜2 ≡ Ω(ep)D2 = ∓
1
2
γ±ν
2
±
u
3/2
0
y
3/2
(ep)
B2 ∓ 9
4
u
5/2
0
N
∆˜
γ±
y
15/2
±
y6(ep)
(1∓ aˆ√u0)2{3− 3u0 + 9aˆ2u20 − 9aˆ2u30
+9aˆ4u40 − aˆ4u50 − (16− 3aˆ2)aˆ4u60 + 5aˆ6u70 ∓ 2aˆu3/20 [6− 9u0 + 8aˆ2u20 + 2aˆ2u30 − 2(6− aˆ2)aˆ2u40 + 3aˆ4u50]} ,
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D3 = ∓2γ±ν2±
u
3/2
0
y
3/2
(ep)
B˜3 , D4 = −D˜1 − 2D˜2 −D3 ,
E1 =
y¯
3/2
±
Γ±y
3/2
(ep)
D˜1 − N
2u0
ν±
√
∆˜y
3/2
(ep)
(V(r)sˆ )2 , E2 =
y¯
3/2
±
Γ±y
3/2
(ep)
D˜2 +
1
4
N2u0
ν±
√
∆˜y
3/2
(ep)
(V(r)sˆ )2 ,
E˜3 ≡ E3
Ω(ep)
=
y¯
3/2
±
Γ±y
3/2
(ep)
D˜3 , E˜4 ≡ E4
Ω(ep)
=
y¯
3/2
±
Γ±y
3/2
(ep)
D4 +
1
2
N2u0
ν±
√
∆˜y
3/2
(ep)
(V(r)sˆ )2 , (B3)
with
y¯
3/2
± ≡Mζ¯± = ±
√
u0
1− 2u0 ± aˆu3/20
1± 2aˆu3/20 + aˆ2u20
, (B4)
and
B1 = 2CQ
u0
√
∆˜
Nν±
y3±
y
3/2
(ep)
[∆˜∓ 4aˆu3/20 (1∓ aˆ
√
u0)] + 3
u20N√
∆˜ν±
y9±
y
15/2
(ep)
(1∓ aˆ√u0){1− 6u0 + 4(3 + 4aˆ2)u20 − 69aˆ2u30
−3(12 + 17aˆ2)aˆ2u40 + 4(33− 17aˆ2)aˆ2u50 + 22(2− 3aˆ2)aˆ4u60 − 165aˆ6u70
∓aˆu3/20 [2 + 9aˆ2u0 − 103aˆ2u20 − 2(28 + 3aˆ2)aˆ2u30 + 12(21− 8aˆ2)aˆ2u40 − 3(68 + 5aˆ2)aˆ4u50 − 39aˆ6u60]} ,
B2 = −9
2
u20N√
∆˜ν±
y9±
y
15/2
(ep)
(1 ∓ aˆ√u0)2[1 + 7u0 − (22 + 3aˆ2)u20 + 37aˆ2u30 − (44 + 9aˆ2)aˆ2u40 − (8 − 21aˆ2)aˆ2u50
+(34− 5aˆ2)aˆ4u60 − 9aˆ6u70 ∓ aˆu3/20 (1 + 2u0 + aˆ2u20)(1 − 3u0 + aˆ2u20 + aˆ2u30)] ,
B˜3 ≡ B3
Ω(ep)
= 9
u20
√
∆˜
Nν±
y9±
y
15/2
(ep)
(1 ∓ aˆ√u0)2[1 + 11u0 + (18− 7aˆ2)u20 + 31aˆ2u30 ± 8aˆu3/20 (2− 5u0 − aˆ2u20)] . (B5)
2. Representation of tidal invariants
We list below the second order corrections to the tidal
invariants (4.58):
ǫBsˆsˆ = ∓
2
3
CQǫ
B
sˆ
√
u0
∆˜∓ 4aˆu3/20 (1 ∓ aˆ
√
u0)
1∓ aˆ√u0
∓108u40Γ4±N2
y15±
y9(ep)
(1 ∓ aˆ√u0)3P1(u0) ,
ζBsˆsˆ = ±81u40Γ4±N2
y15±
y9(ep)
(1∓ aˆ√u0)3P2(u0) ,
ηBsˆsˆ = ±
1
3
ǫBsˆ
Nν±√
u0∆˜
y
3/2
(ep)
y3±
B˜3
1∓ a√u0 , (B6)
where ǫBsˆ is given by Eq. (4.60) and
P1(u0) = 100− 892u0 + 6(355− 47aˆ2)u20 − 6(242 + 427aˆ2)u30 + 2aˆ2(2613− 1559aˆ2)u40 + 2aˆ2(1800− 641aˆ2)u50
−6aˆ2(664− 477aˆ2 + 877aˆ4)u60 + 2aˆ4(3902− 2207aˆ2)u70 + 2aˆ6(2651− 1263aˆ2)u80 − 5346aˆ8u90
∓aˆ√u0[84− 1277u0 + (2794 + 147aˆ2)u20 − (5941aˆ2 + 1032)u30 − aˆ2(−7508 + 435aˆ2)u40
−aˆ2(−6884 + 8231aˆ2)u50 − aˆ2(1023aˆ4 + 2210aˆ2 + 5448)u60 − aˆ4(−16948 + 4611aˆ2)u70
−3aˆ6(2196 + 175aˆ2)u80 − 1140aˆ8u90] ,
P2(u0) = 40− 317u0 + (692− 187aˆ2)u20 − (428 + 241aˆ2)u30 − aˆ2(1191aˆ2 − 700)u40 + aˆ2(1508 + 617aˆ2)u50
−aˆ2(−808aˆ2 + 1661aˆ4 + 1216)u60 − 7aˆ4(129aˆ2 − 200)u70 − aˆ6(697aˆ2 − 2520)u80 − 1444aˆ8u90
∓aˆ√u0[36− 503u0 + (1172 + 11aˆ2)u20 − (1659aˆ2 + 680)u30 − 3(−720aˆ2 + 87aˆ4 − 56)u40
−aˆ2(−2332 + 1849aˆ2)u50 − aˆ2(411aˆ4 + 2072 + 544aˆ2)u60 − 81aˆ4(−60 + 13aˆ2)u70
−aˆ6(1172 + 175aˆ2)u80 − 360aˆ8u90] . (B7)
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